n with positive definite Hermitian (relative to the conjugation of F over R) form, and let U(w, F) denote the group of all linear transformations of F* which preserve this form. U(n, F) is the orthogonal group 0(n) if F = R, the unitary group U(n) if F = C, or the symplectic group Sp(n) if F = H. Acting linearly on F", U(», F) acts on G q , n (F) in a natural fashion; it is well known that U(», F) acts transitively on the elements of G Qtn (F) . This gives G Qtn (F) a topology and the structure of a differentiable manifold, for (7, § 4.11) U(», F) is a Lie group and we can identify G Qtn (F) with a coset space of U(#, F) by choosing P G G q , n (F) and sending g <E U(w, F) to g(P); excluding G 2 , 4 (R), the isotropy subgroup {g £ U(», 70 : g(P) = P] acts irreducibly on the tangent space to G Qtn (F) at P, so any two U(n, F)-invariant Riemannian metrics (differentiable fields of positive definite inner products on the tangent spaces) on G Qtn (F) are proportional (1) . Thus we may regard G q , n (F) as a Riemannian manifold (differentiable manifold together with a Riemannian metric) in an essentially canonical fashion.
We remark that G ff>n (R) is a double covering of the manifold of non-oriented g-dimensional subspaces of R n , and is often called the oriented real Grassmann manifold. Gi, n (R) is the sphere S w_1 , and the associated non-oriented Grassmann manifold is the real projective space P n-1 (R). Gi, n (C) is the complex projective space P n-1 (C), and Gi, n (H) is the quaternionic projective space P-HH).
Representing the manifolds G q , n (F) as coset spaces, one easily checks that they are simply connected, except for Gi >2 (R). If r is the dimension of F over R, then Gq ttl (F) has dimension rq(n -q). Our choice of Riemannian metric for G (/ , n (i ? ) shows that the transformation by any element of \J (n, F) is an isometry. Replacing U(n, F) with its quotient by the normal subgroup consisting of all elements that induce the identity transformation, we obtain a subgroup of I(G ?iW (F)) which contains I 0 (G ff , n ( 7 7 )). Calculation of l(G Qt7l (F)) is not immediate, but É. Cartan has given a very clever method for making this calculation (1; see 4, §2.4 for an exposition of this method, 4, § § 5.5.5, 5.5.7-8, 5.5.11 for an exposition of the calculations of the explicit forms of the I(G ff , n (P))). We shall draw on these results as we need them.
If M is a Riemannian manifold, then an isometry
It will sometimes be convenient to replace G Qtn (F) by G n -q , n (F). This can be done without difficulty because we have, for appropriate normalizations of the metrics, an isometry /3 : G ff , n (F) -> G n -Qtn (F) given by /3(P) = P-1 , where P 1 denotes the orthogonal complement of P in F n ; in case F = R, P 1 -is oriented such that the Grassmann product P A P L gives the original orientation of R n . In particular, fi Ç I(G fff 2 fl (P)).
2.3.
A Riemannian covering is a covering T : M -> TV" where M and N are connected Riemannian manifolds and w is a local isometry; then every deck transformation of the covering (homeomorphism y : M -> M with T = wy) is an isometry of M, the group V of all deck transformations is a discrete subgroup of l(M) which acts freely (the identity element K T is the only element of T which has a fixed point on M), and, if M is simply connected, then N can be identified with the quotient M/T. Conversely, if A is a discrete subgroup of \{M) which acts freely on M, then M/A has a unique Riemannian structure such that the projection M -+ M/A is a Riemannian covering.
We shall study the manifolds that admit a Riemannian covering by a Grassmann manifold; thus the classification problem for such manifolds is reduced to a problem on discrete subgroups of I(G ffpW (F)). For Grassmann manifolds Gi, w (R) this is, of course, the spherical space form problem of Clifford and Klein. 
which contains a maximal torus, whence (3, Th. 
Complex Grassmann manifolds.
Let M be the complex Grassmann manifold Gç, n (C), consisting of all g-dimensional subspaces of C n . Then Io(M) is the group U(w, C)/{scalars} = U(w)/{scalars} = SU(n)/{exp(2ink/n)I}, where t 2 = -1, and where SU (n) is the special (determinant 1) unitary group. Choosing an orthonormal basis {ej} of C n , the conjugation of C over R induces a conjugation of C n which sends g-dimensional subspaces into ^-dimensional subspaces, and thus induces a transformation a : M -> M.
which contains a maximal torus, whence (3, Th. 4) every element of Io(M) has a fixed point on M. Let r be a subgroup of 1{M) which acts freely on M. T H Io(ilf) = {1}, so T has at most one element in each component of I(ilf).
Let T € mo'IoW; 7 = <*g with g 6 Io(Jlf). As in (4, §5.5.5), 7 2 Ç rnio(M), whence, in terms of linear transformations of C n ,
g for some c Ç C with c n = 1; g = exp(X) and d = exp(F) where X is skew-Hermitian and F is pure imaginary and scalar, and we have exp('X+ F) = c % g = g = exp(X).
Thus exp(Z -'X -F) = / = 'J = exp('X -X -F), and it follows that c 2 I = exp(2'X -2X) = /, so *g = ±g. Now g 7^ *g, for we could then choose A e SU(») with hg% = I; then %-i. 7 
leaves fixed the g-dimensional subspaces of C n with basis {«i, . . . , e ff }, and it follows that 7 has a fixed point on M. Thus *g = -g, so w = 2m for some integer m and we can choose A Ç SU(w) with
**-'-(-?.£-)•
Replacing T by its conjugate ' A™* 1 ' T-%, we replace 7 by
thus we may assume g -J. q is odd, for if g were even (say q = 2t) then the subspace spanned by {ei, e m +i, . . . , e u e m+t } would be a fixed point for 7 on M; this implies that n -q is odd, for n is even. On the other hand, if q and n -q are odd, it is clear that a J has no fixed point on M. Nowsupposeg = n -g and let 7 Ç r H /fo-I 0 (M). 7 = /fagwithg Ç Io(Af) and 7 2 = pagfiag = (ag) 2 Ç T H I 0 (M). Using the fact that 0 is central in I(ilf) we see that, as before, in terms of linear transformations of C n , we may replace T by a conjugate and assume either that g = 7 or that g -J. The latter is impossible, for (note that q = m) the subspace of C n with basis {eu . . . , e m } would be a fixed point for y = ficcJ on M, and the former is impossible because the subspace of C n with basis {e\ + ie m +i, . . . , e m + le^m] would be a fixed point for y = fia on M. Thus T has no element in fia-I 0 (M).
Let q = n -q and y G T P\ /M 0 (M); T = /3g with g £ Io(Af) and 7 2 = g 2 6 rn Io(Af). In terms of linear transformations, g Ç SU(«) with g 2 = exp(2Tik/n)I. We replace g by exp(2ird/n)g t thus replacing Finally, observe that V lies in either
We have now proved: THEOREM 
Let N be a Riemannian manifold that admits a Riemannian covering by the complex Grassmann manifold G Qf n(C). Then:
(1) N is isometric to G fft »(C) ; or with a = exp(7ri/w) and 1 < 2v -1 < q.
We remark that each of the groups A, A 2*, and SF M is cyclic of order 2, but that any two distinct ones lying in I(G fff "(C)) are non-conjugate, so the corresponding quotients of G ff , n (C) are not isometric.
Even-dimensional real Grassmann manifolds.
Let M be a. real Grassmann manifold G î>n (R), consisting of all oriented ^-dimensional subspaces of an oriented R w . M has dimension q(n -q); we shall now assume M to be even-dimensional, deferring the odd-dimensional case to § 6. As mentioned at the end of §2.2, we can replace G ff , n (R) by G n -Qtn (K)\ q(n -q) being even, this allows us to assume that q is even. Having made this assumption, it is clear that {±7} is the kernel of the action of U(w, We have a transformation oe : M -> M denned by P -» -P (opposite orientation); co is an isometry of order 2, and the quotient Af/{1, co} is the non-oriented Grassmann manifold. If q = n -q, we have the isometry {$ of M given by P -> P L , where P x is oriented such that P A P x gives the original orientation of R n ; as q is even, we have To prove the first statement, one checks that £ centralizes Io(M) and then observes that the commutator [co, 0] is a central element of the centreless group Io(M). Cartan's construction of I(M) (1) shows that I"(M)/I 0 (M) is a non-abelian group of order 8 with several elements of order 2; it is thus abstractly isomorphic to the group {a, b}. As g induces an outer automorphism of Io(M), it must normalize the group {co, 0} ; as gco = cog, the second statement follows, and the third statement becomes clear. This completes the proof of the lemma. If T is cyclic of order 2, then the possibilities are {l,co}, {l,co/}, {l,/3gt,}, and {1, wfigv} with i; even, v < q, J 2 = -7. But the latter two are conjugate by gi.
The only other non-trivial possibility is that T is the product of two cyclic groups of order 2. Then r = {1, co#i, /3a 2 , co/3a 3 } witha* 6 I'(il7),a 2 2 = a 3 2 = 7, and either a\ = I or #i 2 = -7. As r has no element of order 4, each a t G Io(Af). We may assume a 3 = ai# 2 , and we observe that a { aj = ±ajai because V is abelian and because co and & commute with each other and with each a t . a 2 a z = -a 3 a 2 would imply that a 3 exchanges the eigenspaces of +1 and -1 of a 2 , whence these eigenspaces would have the same dimension and /3a 2 would have a fixed point. Thus a 2 a z = a z a 2 . Similarly a x a 2 = a 2 ai and aidz = a%a\. Now a\ -a i a 2 a 2 = a z a 2 implies a\ 2 -a z 2 a 2 2 -7, so a\ = 7 and a 2 = a 3 . Thus T is 1 0 (il7)-conjugate to {1, co, /3g p , cojftg,,} where g" has matrix i; even, v < q.
Let N be an even-dimensional Riemannian manifold that admits a Riemannian covering by the {oriented) real Grassmann manifold G ffin (R). Then:
(1) N is isometric to G ff , n (R) ; or (2) N is isometric to the non-oriented Grassmann manifold G tf , n (R)/0 where 12= {l,co} CI(G M (R))i or (3) n = 2m and N is isometric to G tf , n (R)/2 where E = {l,co/} C ICG^.nCR)) and J has matrix ( 0 6. Odd-dimensional real Grassmann manifolds. 6.1. Let M be an odd-dimensional real Grassmann manifold G ff , n (R), consisting of all oriented g-dimensional subspaces of an oriented R n ; the dimension of M being q{n -q), both q and n -q are odd, and n is even. Now -J € SO(») changes the orientation of every ^-dimensional subspace of R n , so 0(») acts effectively (the kernel of the action is trivial) on M. If q 9* n -q, then 0{n) = l(M). If q = n -q, then we have the isometry (3 : P -> P-1 of M; g being odd, P AP 1 = -P 1 A P, so 0 2 = -I e SO(n); then I(Jlf) = 0(n) U j8-0(») except in the trivial case M = Gi,2(R) == S 1 .
6.2. LEMMA 1. Let g 6 0(n) with detg = -1. Then g has a fixed point on M.
Proof. As n is even and q is odd, R rt has an orthonormal basis {ej} in which g has matrix diag{P(ai), . . . , R(a u ), 1, -1, P(#i), . . . , P(£ p )} where q = 2u + 1, n -q -2v + 1, and P(c) is defined as in § 5; the oriented subspace of R n with ordered basis {ei, . . . , e q ] is a fixed point for g on ikf. This completes the proof of Lemma 1. Proof. Suppose that g has a fixed point P 6 M ; then P is a ^-invariant subspace of R n . As q -dim P is odd and g preserves the orientation of P, we can find v G P with g{v) = v ?* 0. Now suppose that g has an eigenvalue +1. We choose, as for Lemma 1, an orthonormal basis {fj} of R n in which g has matrix diag{P(a x ), . . . , P(a w ), 1, 1, £(*!), . . . , £(*,)} and observe that the oriented subspace of R w with ordered basis {/i, . . . ,f q ] is a fixed point for g on M. This completes the proof of Lemma 2. we shall obtain a contradiction by constructing a fixed point for 0g on ikf. Playing with eigenvectors, it is easy to see that h maps the eigenspace of +1 for g into the eigenspace of -1, and maps the eigenspace of -1 for g into the eigenspace of +1; thus those eigenspaces have the same dimension and h preserves the orthogonal complement F of their sum. F is a g-invariant orthogonal direct sum U 0 W where g has square -/ on U and has no eigenvalue dbi on W. It is not difficult to see that U and W are /^-invariant. We can now write W as a g-invariant orthogonal direct sum of subspaces W\ and, for each Wu choose an orthonormal basis in which g has matrix diag{2î(a,), ...,£(*<)}, such that -7r/2 < a 0 < #i < . . . < a m < 7r/2 and a t 9^ 0. Passing to the complexification of W and looking at eigenvectors, we see that As u is odd, A g SO(»); then B 6 fi-0(n) because T meets j8-0(»), say 5 = j8g. By Lemma 3, i > = 4* for some integer t > 0, so r has order 4w/.
Suppose that t is even, and let A be the subgroup of 0(n) generated by A and B' = g ( where B = fig); B' has order U because t is even and B 2t = -7; it follows that T and A have the same presentation, and are thus isomorphic. Now (2, p. 160 and 3, p. 679) q -dp and we have an orthonormal basis shows that the order of g divides 2/; as / is odd, it is easy to check that g has order t or 2t, and -/€ rnO(«)C$ shows that g cannot have order t. Thus $ has order 2tu, and is consequently equal to its subgroup rPiO(w) of order 2tu. It follows that Y r\ fi-0(n) is /3g-<ï>, and thus contains fi because g~l Ç $, whence r == <ï > \J fi • <l >. Given that $ acts freely on M, the fact that $ has no element of order 4 (hence no element of square -I) shows that Y acts freely on M, much as in the preceding paragraph.
We have now proved : (1) T is a finite subgroup of SO(2g) which acts freely on the unit sphere S 2 *" 1 C R 2ff ; or
